We carried out the negative refractive index in the solid medium Er 3+ :YAlO 3 crystal with a -type four-level scheme proposed for atomic vapour by Thommen and Mandel, and Kästel (Phys. Rev. Lett. 2006 I 15/2 of the rare earth ion Er 3+ under external electromagnetic fields. It is concluded that the rare earth ion doped material with abundant energy levels and various electric and magnetic transitions is an outstanding and practical candidate for the electromagnetically induced negative refractive index material.
Introduction
Owing to fascinating and counterintuitive electromagnetic and optical features as well as potential applications such as perfect lens and optical cloaking, negative-index metamaterials (NIMs), or left-handed metamaterials (LHMs), have attracted considerable attention [1] [2] [3] . Most LHMs are artificially assembled effective media, but negative refraction does occur in natural materials [4] . We can realize LHMs by two kinds of approach. The first requires delicate manufacturing of spatially periodic structures based on classical electromagnetic theory, such as artificial composite metamaterials [5, 6] , photonic crystals [7] and chiral materials [8] . In particular, recently the three-dimensional NIMs constructed with a fishnet structure and silver nanowires designed for visible light have been fabricated by the group of Xiang Zhang [9, 10] . This has brought an enormous boost to applications. However, the fabrication of these small periodic structures remains a challenge. In particular, creating a magnetic response at optical frequencies is still difficult. For the second, we can use the quantum interference effect to drive the 3 Author to whom any correspondence should be addressed. refractive index negative, e.g. coherent atomic vapours were first simultaneously and independently worked out by Shen and Oktel in 2004 [11, 12] . The physical mechanism of the quantum optics approach is based on the quantum interference and coherence that arise from the transition processes in a multilevel system [11] [12] [13] [14] . Thommen and Mandel [13] and Kästel [14] proposed a novel scheme to induced NIMs by quantum interference in an atomic four-level system. In this paper we acquire the requirements for energy level configuration in the most promising scheme and first perform the programs in [13] in the solid medium Er 3+ :YAlO 3 crystal. The results are spectacular and the gain is simultaneously achieved. The frequency band with a negative index is wider (∼1 MHz) than what has been reported previously.
Descriptions of the model
Let us consider a -type four-level |1 -|4 scheme [13, 14] figure 1 . The levels |1 and |2 have the same parity and μ 12 = 1|μ|2 = 0, whereμ is [15, 16] . Consequently, there are ω 12 ∼ = ω 34 , ω 31 ∼ = ω 42 or degeneration conditions. Left-handed properties of a four-level medium can be electromagnetically induced provided the medium verified the condition [13] . Using μ 12 = 1|μ|2 = 0, coherence ρ 12 drives a magnetic dipole oscillating at the frequency ω 21 ∼ = ω 43 , which ensures tuning simultaneously the dielectric permittivity ε r and the magnetic permeability μ r . (3) A coherent cross-coupling of electric and magnetic dipole transitions, which couple the corresponding component of the probe field.
In the framework of the semi-classical theory, by the standard density matrix formalism under the dipole approximation and the rotating wave approximation, the interaction Hamiltonian H I can be represented in the interaction picture by
The master equation of motion for the density operator in the system can be written as
in which { , ρ} = ρ + ρ , mj = m δ mj , m is the relaxation rate of the level |m . By expanding equation (2), we can easily arrive at their equations of motion: 
where ij denotes the population spontaneous decay from |i to |j , while γ ij are total coherence relaxation rates between |i and |j , given by In the limit of a weak probe, under the steady state condition, the solutions of equation (3) for ρ 43 to the first order of the probe field and for other ρ ij to the zero order of the probe field are as follows: 
Taking into account the local-field effects that lead to the Clausius-Mossotti relation [17] between the polarizability and the susceptibility, the complex electric susceptibility for the system with doped density N is 
The relative permittivity can be written as
After considering the local field effects and using Maxwell's relation and B = μ 0 ( H + M) as well as B = μ 0 μ r H , the relative permeability μ r = μ/μ 0 is obtained:
where the coefficient η(ω p ) is a unitary complex number depending on the polarization of the field E p relative to the magnetic dipole μ 12 and electric dipole d 43. Based on JuddOfelt theory [18, 19] , we work out the coefficient η(ω p ). If the contributions from nuclear spin and electronic spin can be ignored, the response of rare earth ions to the magnetic component of the probe field would reach maximum as the induced magnetic dipole of ions oscillate in phase with the probe beam [11] . The magnetic dipole between levels |1 and |2 becomes
where γ is an additional quantum number to discriminate between levels with the same S and L quantum numbers, S is the spin angular momentum, L is the orbital angular momentum and M is the magnetic number. The matrix element in equation (12) is calculated by the application of the WignerEckart theorem to remove the ρ dependence. Here,
is a 3j-symbol [20] and 4f N γ SL||(L + 2Ŝ) (1) ||4f N γ S L is a reduced matrix element. From the selection rule for the magnetic dipole transition |1 − |2 ,
According to the selection rule, electric dipole transitions are allowed between two states of opposite parity. In a first approximation, no intra-configurational 4f-4f transitions can occur by an electric dipole mechanism, because the matrix element f |d p |i is equal to zero. Nevertheless, most observed transitions in the absorption and luminescence spectra of trivalent lanthanide ions are electric dipole transitions. A non-zero electric dipole matrix element can result from an admixing into |i and f | of states built from configurations of opposite parity to the 4f N electric states. The electric dipole matrix element of the f-f transition is given by
where
A |U
Here 1 λ k l l l is a 6j-symbol. In the following numerical calculation, the used parameters of Er 3+ :YAlO 3 crystals are tabulated in table 1 [15, 16] .
Results and discussion
The real part Re[ε r ] and imaginary part Im[ε r ] of relative dielectric permittivity depending on the detuning p is shown [21] under external electromagnetic fields. 
Conclusions
We have worked out that left-handed properties can be electromagnetically induced in a -type four-level scheme on the Er 3+ rare earth ion doped YAlO 3 crystal. The Er 3+ ion in the Er 3+ :YAlO 3 crystal has acquired the requirements for energy level configuration to achieve induced NIMs by the quantum interference in a four-level system. We have realized a wider region (∼1 MHz) with ε r (ω p ) < 0 and μ r (ω p ) < 0 simultaneously. Since the high dissipations and absorptions are the biggest obstacle to potential application of NIMs, obtaining low-loss NIMs in a wide frequency band by EIT is very important. It is indicated that the rare earth ion doped material with abundant energy levels and various electric and magnetic transitions is an outstanding and practical candidate for the electromagnetically induced negative refractive index material. The optical losses are reduced by EIT mainly. There are, however, two points that must be emphasized: (i) the weak probe field E p with a Rabi frequency p is applied to the electric dipole transition |3 → |4 ( The above-mentioned results obey the fundamental principle of causality for negative refraction with low optical losses [22] [23] [24] .
